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We introduce and analyze a one-dimensional quantum walk with two time-independent rotations
on the coin. We study the influence on the property of quantum walk due to the second rotation
on the coin. Based on the asymptotic solution in the long time limit, a ballistic behaviour of this
walk is observed. This quantum walk retains the quadratic growth of the variance if the combined
operator of the coin rotations is unitary. That confirms no localization exhibits in this walk. This
result can be extended to the walk with multiple time-independent rotations on the coin.
PACS numbers: 03.67.Lx, 05.40.Fb, 05.45.Mt
Quantum walks (QWs) are valuable in diverse areas of science, such as quantum algorithms [1–6], quantum com-
puting [7–9], transport in biological systems [10, 11] and quantum simulations of physical system and important
phenomena such as Anderson localization [12–19], Bloch oscillation [20–23] and non-trivial topological structure [24–
26].
We study one possible route to the localization effect for the QW on the line: the use of multiple-rotation on the
coin in order to change interference pattern between paths [27]. We find exact analytical expressions for the time-
dependence of the first two moments 〈x〉t and 〈x2〉t, show the behaviour of QWs with two time-independent rotations
on the coin and present that a ballistic behaviour instead of localization is observed. This result can be extended to
the walk with multiple time-independent rotations on the coin.
The unitary operator for single-step of this QW with two time-independent rotations on the coin is
U(θ, φ) = TRn1(φ)Rn2(θ). (1)
The two rotations on the coin are
Rn1(2)(θ) = e
iθn1(2)·σ =
(
cos θ + inz1(2) sin θ (inx1(2) + ny1(2)) sin θ
(inx1(2) − ny1(2)) sin θ cos θ − inz1(2) sin θ
)
, (2)
where σ = (σx, σy , σz)
T is the vector of Pauli matrices. The rotations are followed by a conditional position shift
operator
T = S ⊗ P0 + S† ⊗ P1, (3)
where P0 = |0〉 〈0| and P1 = |1〉 〈1| are two orthogonal projectors on the Hilbert space of the coin spanned by
{|0〉 = (1, 0)T, |1〉 = (0, 1)T}, S |x〉 = |x+ 1〉 and S† |x〉 = |x− 1〉 are applied on the walker’s position. One can
identify the eigenvectors |k〉 of S and S†,
|k〉 =
∑
x
eikx |x〉 , (4)
with eigenvalues
S |k〉 = e−ik |k〉 , S† |k〉 = eik |k〉 . (5)
Here a discrete-time QW is considered as a stroboscopic realization of static effective Hamiltonian, defined via the
single-step evolution operator
U(θ, φ) = e−iHeff(θ,φ)δt, (6)
where δt is the time it takes to carry out one step and we set δt = 1 in the followings. The evolution operator for
N steps is given by UN (θ, φ) = e−iNHeff(θ,φ). For the general rotations in Eq. (2), the effective Hamiltonian can be
written as
Heff(θ, φ) =
∫ pi
−pi
dk
2pi
[ω(k)n(k) · σ]⊗ |k〉 〈k| , (7)
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2where the quasi-energy
ω(k) =± arccos
{
cos k [cosφ cos θ − (nx1nx2 + ny1ny2 + nz1nz2) sinφ sin θ]
+ sin k [nz2 cosφ sin θ + sinφ(nz1 cos θ + ny1nx2 sin θ − nx1ny2 sin θ)]
}
, (8)
and the unit vector n(k) = [nx(k), ny(k), nz(k)]
nx(k) =
1
sinω(k)
{
− sin k [ny2 cosφ sin θ + sinφ(ny1 cos θ − nz1nx2 sin θ + nx1nz2 sin θ)]
+ cos k [nx2 cosφ sin θ + sinφ(nx1 cos θ + nz1ny2 sin θ − ny1nz2 sin θ)]
}
,
ny(k) =
1
sinω(k)
{
(ny2 cos k + nx2 sin k) cosφ sin θ + cos k sinφ [ny1 cos θ + (−nz1nx2 + nx1nz2) sin θ]
+ sin k sinφ [nx1 cos θ + (nz1ny2 − ny1nz2) sin θ]
}
,
nz(k) =
1
sinω(k)
{
(− sink cosφ+ nz1 cos k sinφ) cos θ + sin k sinφ sin θ(nx1nx2 + ny1ny2 + nz1nz2)
+ cos k(nz2 cosφ+ ny1nx2 sinφ− nx1ny2 sinφ) sin θ
}
. (9)
The inverse Fourier transformation is |x〉 = ∫ pi
−pi
dk
2pi e
−ikx |k〉. The initial state of the walker+coin system can be
written as |ψ0〉 = |0〉 ⊗ |Φ0〉, where the original position state of the walker is |0〉 =
∫ pi
−pi
dk
2pi |k〉. In the k basis, the
evolution operator U(θ, φ) becomes
U(θ, φ) |k〉 ⊗ |Φ0〉 = |k〉 ⊗ Uk(θ, φ) |Φ0〉 , (10)
where
Uk(θ, φ) = (e
−ikP0 + eikP1)Rn1(φ)Rn2(θ) =
(
A11 A12
A21 A22
)
(11)
is a 2× 2 unitary matrix with the matrix elements
A11 = e
−ik [−(nx1 − iny1)(nx2 + iny2) sinφ sin θ + (cosφ+ inz1 sinφ)(cos θ + inz2 sin θ)] ,
A12 = e
−ik [(inx1 + ny1) sinφ(cos θ − inz2 sin θ) + (inx2 + ny2)(cosφ+ inz1 sinφ) sin θ] ,
A21 = e
ik [(inx1 − ny1) sinφ(cos θ + inz2 sin θ) + (nx2 + iny2)(i cosφ+ nz1 sinφ) sin θ] ,
A22 = e
ik [−(nx1 + iny1)(nx2 − iny2) sinφ sin θ + (cosφ− inz1 sinφ)(cos θ − inz2 sin θ)] . (12)
At time t (the time t is proportional to the step number N), the walker+coin state evolves to
|ψt〉 = U t(θ, φ) |ψ0〉 =
∫ pi
−pi
dk
2pi
|k〉 ⊗ U tk(θ, φ) |Φ0〉 . (13)
The probability for the walker to reach a position x at time t is
p(x, t) =
∫ pi
−pi
dk
2pi
∫ pi
−pi
dk′
2pi
e−ix(k−k
′)Tr
{
[Uk′(θ, φ)]
t
ρ0
[
U †k(θ, φ)
]t}
=
1
2
∫ pi
−pi
dk
2pi
[
(1 + 〈Φ0|n(k) · σ |Φ0〉) δ(vk − x
t
) + (1− 〈Φ0|n(k) · σ |Φ0〉) δ(vk + x
t
)
]
, (14)
where ρ0 = |Φ0〉 〈Φ0|, the group velocity of the walker vk = ∂ω(k)/∂k. To determine if there is localization effect, we
care more about the position variance and the dependence of the variance on time. Thus we restrict our interest to
the moments of the distribution.
〈xm〉t =
∑
x
xmp(x, t) =
∑
x
xm
∫ pi
−pi
dk
2pi
∫ pi
−pi
dk′
2pi
e−ix(k−k
′)Tr
{
[Uk′(θ, φ)]
t ρ0
[
U †k(θ, φ)
]t}
. (15)
3With the formula of the delta function
∑
x x
me−ix(k−k
′)/2pi = imδm(k − k′), the expression of the mth moment is
rewritten as
〈xm〉t = i
m
2pi
∫ pi
−pi
dk
∫ pi
−pi
dk′δm(k − k′) [Uk′(θ, φ)]t ρ0
[
U †k(θ, φ)
]t
,
= im
∫ pi
−pi
dk
2pi
dm [Uk(θ, φ)]
t
dkm
ρ0
[
U †k(θ, φ)
]t
. (16)
Similar to a Hadamard coined walk [28], one can find the eigenvectors |Φkj〉 of Uk(θ, φ) and corresponding eigenvalues
e±iω(k). We can expand the initial coin state |Φ0〉 =
∑
j=1,2 ckj |Φkj〉. With ddkUk(θ, φ) = −iσzUk(θ, φ) [29], we only
keep the diagonal non-oscillatory terms and obtain
〈x〉t = −
t∑
l=1
∫ pi
−pi
dk
2pi
σz [Uk(θ, φ)]
l ρ0
[
U †k(θ, φ)
]l
= −t
∫ pi
−pi
dk
2pi
∑
j=1,2
|ckj |2〈Φkj |σz |Φkj〉+ oscillatory terms. (17)
For non-degenerate unitary matrix Uk(θ, φ), except for the diagonal non-oscillatory terms, most of the terms are
oscillatory, which average to zero in the long-time limit [29].
Similarly, the second moment is obtained
〈x2〉t = t2
∫ pi
−pi
dk
2pi
∑
j=1,2
|ckj |2〈Φkj |σz |Φkj〉2 + oscillatory terms. (18)
From Eqs. (8) and (11), we can see the spectrum e±iω(k) of Uk(θ, φ) is non-degenerate. Even for degenerate Uk(θ, φ)
one can modify Eqs. (17) and (18) to include appropriate cross terms, which does not change the dependence of the
position variance on time.
Generically, in the long-time limit, for a unitary coin the first moment of the QW undergoes a linear drift and the
variance grows quadratically with time. There is a special case—the σx coined QW, i.e., Rn1(φ)Rn2(θ) = σx, in which
the eigenstates of Uk are |Φk1〉 = (−e−ik |0〉 + |1〉)/
√
2 and |Φk2〉 = (eik |0〉+ |1〉)/
√
2, resulting in 〈Φkj |σz |Φkj〉 = 0
(for j = 1, 2). Thus the variance of the σx coined QW does not depend on time.
In the two rotations case, the combination operation of two rotations on the coin Rn1(φ)Rn2(θ) shown in Eq. (11) is
unitary. Thus for arbitrary choices of parameters θ and φ the position variance of the QW with two time-independent
rotations on the coin grows quadratically and the behaviour of the QW is ballistic. Therefore, a second coin rotation
does not change the behaviour of QW from a ballistic spread to localization.
The asymptotic analysis of the behaviour of this QW with two time-independent coin rotations can be extended
to more general QW with more time-independent rotations on the coin. Once the combined operator of the multiple-
rotation on the coin is unitary, the position variance grows quadratically with time and this QW shows ballistic
behaviour. No localization effect occurs.
This walk is homogeneous in either spatial or temporal space. The coin rotations do not cause inhomogeneity in
this walk which usually leads to interesting localization effect. Furthermore, there is another interesting idea [27]
on observation of topological structures in this QW with multiple-rotation on the coin. The signature of non-trivial
topological structure is localization effect due to localized bound states hosted at the topological boundaries. However,
based on our result on this walk, we can prove that no localization occurs in this walk. That is because neither
topological boundary nor phase transition line exists in this walk. The quasi-energy gap only closes at a few points
in the parameter space (θ, φ). Here without losing generality, we use the case of the QW in [27] as an example. The
unitary operator of single-step of the QW with two consecutive non-commuting rotations along y and x axes becomes
U(θ, φ) = TRx(φ)Ry(θ). The quasi-energy ω(k) becomes
ω(k) = ± arccos [cos k cos θ cosφ− sink sin θ sinφ] (19)
and the unit vector is
n(k) =
1
sinω(k)

 sinφ cos θ cos k − cos θ sinφ sin kcosφ sin θ cos k + sinφ cos θ sink
sinφ sin θ cos k − cosφ cos θ sink

 . (20)
The operator Uk(θ, φ) is non-degenerate and unitary. Thus the behaviour of this walk is ballistic as we show above.
From the dispersion relation we can see that this QW for generic θ and φ has gaps around ω = 0 and ω = ±pi.
4Therefore the gap round ω = 0 closes at k = 0, (θ = 0, φ = 0) and (θ = ±pi, φ = ±pi), k = pi, (θ = 0, φ = ±pi)
and (θ = ±pi, φ = 0), k = pi/2, (θ = pi/2(−pi/2), φ = −pi/2(pi/2)), and k = −pi/2, (θ = pi/2(−pi/2), φ = pi/2(−pi/2)),
and the gap around ω = ±pi closes at k = 0, (θ = 0, φ = ±pi) and (θ = ±pi, φ = 0), k = pi, (θ = 0, φ = 0) and
(θ = ±pi, φ = ±pi), k = pi/2, (θ = pi/2(−pi/2), φ = pi/2(−pi/2)), and k = −pi/2, (θ = pi/2(−pi/2), φ = −pi/2(pi/2)).
The gap closes at 13 individual points in the parameter space (θ, φ). There is neither topological boundary nor phase
transition line in the parameter space. Thus no localized bound state hosted at the topological boundaries exists in
this walk.
In summary, we study the QW with two time-independent rotations on the coin through the analytical solutions for
the time dependence of the position variance. The asymptotic result can be extended to the walk with multiple time-
independent rotations on the coin. As long as the combination of the multi-rotations is unitary, the variance grows
quadratically with time and the QW shows ballistic behaviour. No localization effect is observed in this QW. Although
the fact that two topics—QWs and localization effect meet, is fascinating and opens the door to rich theoretical and
experimental investigation of quantum phenomena. Thus not only the investigation on simulating localization with
QWs but also the study on the limitations on localization in quantum walk are important and worthy of attention.
Our research exactly gives insight into limitations on localization.
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